Among all 3D 8-node hexahedral solid elements in current finite element library, the 'best' one can produce good results for bending problems using coarse regular meshes. However, once the mesh is distorted, the accuracy will drop dramatically. And how to solve this problem is still a challenge that remains outstanding. This paper develops an 8-node, 24-DOF (three conventional DOFs per node) hexahedral element based on the virtual work principle, in which two different sets of displacement fields are employed simultaneously to formulate an unsymmetric element stiffness matrix. The first set simply utilizes the formulations of the traditional 8-node trilinear isoparametric element, while the second set mainly employs the analytical trial functions in terms of 3D oblique coordinates (R, S , T /. The resulting element, denoted by US-ATFH8, contains no adjustable factor and can be used for both isotropic and anisotropic cases. Numerical examples show it can strictly pass both the first-order (constant stress/strain) patch test and the second-order patch test for pure bending, remove the volume locking, and provide the invariance for coordinate rotation. Especially, it is insensitive to various severe mesh distortions. in pure bending tests or fail to pass constant stress/strain patch tests [6] , and the similar limitation can be generalized to 3D 8-node hexahedral finite elements [7] . It almost closes out further effort to design new element models with high distortion resistance.
INTRODUCTION
Because of relatively higher accuracy and lower computation cost, 8-node hexahedral isoparametric element is often preferred in analysis of 3D problems [1] . However, for traditional trilinear isoparametric element, when dealing with solids and structures with complicated loadings or geometries, full integration model may suffer from various locking problems and will be very sensitive to mesh distortions, while reduced integration model may appear hourglass phenomena or lead to incorrect results. Among all 3D 8-node hexahedral solid elements in current finite element library, some incompatible elements [1] [2] [3] [4] [5] are usually considered as the models with the best precision because they can produce good results for bending problems using very coarse regular meshes. However, once the mesh is distorted, the accuracy will drop dramatically again. This is a living example of the sensitivity problem to mesh distortion, which is the core inherent difficulty existing in finite element methods. And how to solve this problem is still a challenge that remains outstanding. Actually, the same difficulty is also hard to be overcome even for 2D problems. MacNeal has proved that any 4node, 8-DOF quadrilateral membrane isoparametric element of trapezoidal shape must either lock kind of local oblique coordinate method defined by Yuan et al. [47, 48] together with Cartesian and isoparametric coordinates in their interpolation formulae. However, these two elements can be used only for isotropic problems. Furthermore, an adjustable factorˇvarying from 0.01 to 0.0001 (ˇD 0.01 was adopted by [46] ) is introduced into the interpolation matrix of element TH8 for enhancing the element accuracy. In fact, because this factor has no definite physical significance, incorrect results may appear if the factor is not appropriate (Section 4.2 and Tables IV and VI).
The purpose of this paper is to present an 8-node hexahedral element with high distortion resistance as well as no obvious numerical defects. First, nine sets of analytical general solutions for linear stresses, linear strains, and quadratic displacements in terms of 3D local oblique coordinates (R, S , T / [47, 48] , which are not found in other literatures, are derived. These analytical solutions are also the Trefftz solutions [49] . Then, a new 8-node hexahedral element is developed based on the virtual work principle, in which two different sets of displacement fields are employed simultaneously to formulate an unsymmetric element stiffness matrix. The first set simply utilizes the formulations of the 8-node trilinear isoparametric element, while the second set mainly employs the analytical trial functions in terms of 3D local oblique coordinates. Because the relationship between the local oblique and Cartesian coordinates is always linear, and there is no Jacobian determinant needed for computing the element stiffness matrix, the new element is expected to be insensitive to mesh distortion. The resulting element, denoted by US-ATFH8, contains no adjustable factor and can be used for both isotropic and anisotropic cases. Numerical examples show it can exactly pass both the first-order (constant stress/strain) patch test and the second-order patch test for pure bending, remove the volume locking, and provide the invariance for coordinate rotation. Especially, it is insensitive to various severe mesh distortions.
ANALYTICAL GENERAL SOLUTIONS IN TERMS OF 3D OBLIQUE COORDINATES
As described in previous section, in order to construct finite element models insensitive to mesh distortion, a local coordinate system that is linearly related to the global Cartesian coordinate system should be considered. For 3D problems, the most feasible one is the oblique (skew) coordinate system defined by Yuan et al. [47, 48] . [47, 48] For an 8-node hexahedral element shown in Figure 1 x 0 C N a 1 C N a 2 Á C N a 3 C N a 4 Á C N a 5 Á C N a 6 C N a 7 Á 
Definition of 3D oblique coordinate system
in which ( i , Á i , i / and (x i , y i ,´i / (i D1~8) are the isoparametric and Cartesian coordinates of the eight corner nodes, respectively. Yuan et al. [47, 48] defined a kind of 3D oblique coordinates (R, S , T / as follows: 
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It can be easily found that the relationship of the oblique coordinates (R, S , T / and the Cartesian coordinates (x, y;´/ is always linear. As shown in Figure 1 , (R, S , T / and the isoparametric coordinates ( , Á, ) share the same directions, respectively, and their origins also coincide with each other.
The transformation of first-order derivatives is 
: @ @R @ @S @ @T 9 > > = > > ; : 
:
The analytical general solutions in terms of 3D oblique coordinate system
In order to improve element performance, the analytical solutions of stresses, strains, or displacements satisfying governing equations in elasticity are often taken as the trial functions in some finite element methods such as the Trefftz finite element method [49] and the hybrid stress-function element method proposed by Cen et al. [50] [51] [52] [53] [54] [55] . It is also noteworthy that the usage of the analytical solutions in terms of the local coordinates [32, 45] may eliminate directional dependence problem. In this section, nine sets of analytical general solutions for linear stresses, linear strains, and quadratic displacements in terms of 3D local oblique coordinates will be derived. For 3D problems without body forces, the homogeneous equilibrium equations in the oblique coordinate system are given by 8 < :
The first 27 sets of analytical solutions for aforementioned stresses in terms of 3D oblique coordinate system are listed in Table I , in which the first three sets, 4th to 12th sets, and 13th to 27th sets are related to the rigid body, the linear, and the quadratic displacement modes, respectively. Since the constant stress solutions will not be used later, their explicit forms are not given in the 
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Then, the strains in Cartesian coordinate system can be obtained by following stress-strain relations (generalized Hooke law): 
where C is the elasticity matrix of compliances; E and are Young's modulus and Poisson's ratio, respectively. Thus, these strains can also be expressed by the stress components in local oblique coordinates by substituting Equation (12) into (13) . Finally, by using Equation (8) and integrating following geometrical equations 8 <
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Following aformentioned procedure, the analytical general solutions of stresses, strains, and displacements in the global coordinate system, but in terms of the local oblique coordinates R, S , and T, can be obtained Only nine sets (i D13~21) of the analytical general solutions for local linear stresses in Table I related to pure bending and twisting states will be considered in the new finite element formulations, which are given in Appendix A.
CONSTRUCTION OF A NEW UNSYMMETRIC 8-NODE HEXAHEDRAL ELEMENT US-ATFH8
For a 3D 8-node, 24-DOF (three DOFs per node) finite element model shown in Figure 2 , the virtual work principle [37, 38] can be written as
in which V e denotes the element volume; e represents the element boundary face; O ¢ is the real stress vector of the element; b, T, and f c are the real body, surface, and concentrated forces of the element, respectively; ı N u c is the vector of virtual displacements at the points of the concentrated forces; ı N u is the virtual displacement fields; and ı N © is the corresponding virtual strain fields. First, the virtual displacement fields ı N u D OE ıu ıv ıw T should satisfy exactly the minimum inter-element and intra-element displacement continuity requirements. So, they can be assumed as
where ıq e D OE ıu 1 ıv 1 ıw 1 ıu 8 ıv 8 ıw 8 T ;
in which ıu i , ıv i , and ıw i (i D1~8) are the nodal virtual displacements along x, y, and´directions, respectively; N N i (i D1~8) are just the shape functions of the traditional 8-node trilinear isoparametric element that satisfy all continuity requirements and have been given by Equation (2) .
Thus, the corresponding virtual strain fields ı N " are
where N B is the strain matrix of the traditional 8-node trilinear isoparametric element: @ @x 0 0 @ @y 0 @ @0 @ @y 0 @ @x @ @´0 0 0 @ @´0 @ @y @ @x 
and jJj is the Jacobian determinant,
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Second, assume that the real stresses O in Equation (15) are derived from the following assumed displacement fields expressed in terms of the local oblique coordinates R, S , and T : 
where˛i (i D1~24) are 24 undetermined coefficients; U i , V i , and W i (i D13~21) are the analytical general solutions for quadratic displacements given by Equations (A.20) to (A.22); the first 12 columns of interpolation matrix P are also displacement analytical general solutions satisfying all governing equations, as shown in Table I . The last three columns containing the cubic term RST are not the analytical solutions, but they can keep linear independence between each two columns and make the resulting stress components invariant for global coordinate rotation. Substitution of the Cartesian coordinates of eight corner nodes into Equation (24) yields
where
in which u i , v i , and w i (i D1~8) are the nodal displacements along x, y, and´directions, respectively. Then,˛i (i D1~24) can be solved by
And the assumed displacement fields O u given by Equation (24) can be rewritten as
Then, the corresponding strains can be obtained by substituting Equation (29) into (14):
where ; According to the constitutive relation Equation (13), the corresponding stresses can be solved:
where D is the elasticity matrix,
Substitution of Equations (16), (19) , and (30) into (15) yields
in which 
Due to the arbitrariness of ıq e in Equation (35), the following finite element equation can be obtained:
where F e is the nodal equivalent load vector of the element; K e is the element stiffness matrix, and it is an unsymmetric matrix. Substitution of Equations (20) and (33) into (36), the final element stiffness matrix can be obtained:
Because there is no Jacobian determinant existing in aforementioned expression, the resulting model will avoid troubles caused by ill-conditioned shape and be insensitive to mesh distortions. All aforementioned formulations can be expressed in terms of isoparametric coordinates , Á, and by using Equations (4) and (23), and a 2 2 2 Gauss integration scheme is found to be enough for evaluating K e given by Equation (39), although the 3 3 3 scheme is theoretically needed.
NUMERICAL EXAMPLES
In this section, some classical benchmark problems are employed to assess the performance of the new element US-ATFH8, and results obtained by other 8-node hexahedral elements listed in Table II are also given for comparisons.
Constant stress/strain patch test (Figure 3)
A unit cube as shown in Figure 3 is divided by seven irregular hexahedral elements. Nodes 1 to 8 are the inner nodes, and their locations are also given in Figure 3 . The displacement fields corresponding to the constant strain are
And the corresponding stress solutions are Table III . The x coordinates of nodes 1, 2, 3, and 4 in Meshes 2 to 10 ( Figure 4 ).
Mesh
x-coordinates (2) (3) (4) (5) (6) (7) (8) (9) The displacements of the boundary nodes are treated as the displacement boundary conditions. Exact results of the displacements and stresses at the inner nodes can be obtained by the new element US-ATFH8. Furthermore, the exact stresses at any point (by substituting the Cartesian coordinates into Equation (33)) can also be obtained. It can be concluded that the element US-ATFH8 can strictly pass the constant stress/strain patch test. Elements Wilson_H8 [2] and HVCC8 series [27] in Table II cannot pass this patch test. [17] ( Figure 4) This example was proposed by Cheung and Chen [17] for testing the performance of 8-node hexahedral elements. The geometric, material, and displacement boundary conditions are given in Figure 4 . Twelve meshes divisions are designed to analyze this cantilever beam subjected to a pure bending moment M and a transverse shear force P at the free end, in which the x coordinates of nodes 1, 2, 3, and 4 in Meshes (2) to (10) are listed in Table III. The normalized deflections at point A and the  results of stresses at point B are given in Tables IV and V , respectively, and the results of deflections at points a 1 , a 2 , a 3 , and a 4 in selected mesh divisions under loadingP are also given in Table VI.  From Tables IV and V , it can be seen that exact displacements and stresses under pure bending state can be obtained by element TH8 (ˇD0.01 and 0.0001) [46] and the new element US-ATFH8, no matter how meshes are distorted, and no matter whether the four corner nodes of the interface are Table VI . The results of deflections at points a 1 , a 2 , a 3 , and a 4 under loadP (Figure 4 ).
Cheung and Chen beam tests
Mesh Node TH8ˇD0.01 TH8ˇD0.0001 US-ATFH8 Figure 5 ). .0001, even wrong solutions will appear in some cases (see displacement result for load P using Mesh (12) in Table IV ). This problem is more clear in Table VI , many incorrect results for deflections at four different end points of the beam obtained by element TH8 appear whenˇD0.0001 and the results obtained by TH8 (ˇD0.01) are not stable in some occasions.
4.3.
Rotational frame dependence test on a cantilever beam with fully fixed end ( Figure 5) Because the trial functions for displacements O u given in Equation (24) may be not completed in the global Cartesian coordinates, rotational frame dependence test should be performed for the new element US-ATFH8. The geometric and displacement boundary conditions of a cantilever beam divided by two distorted elements are given in Figure 5 . The Young's modulus E D100.0, and the Poisson ratio D0.3. Let the Cartesian coordinate system xyz rotate counterclockwise from˛1 D 0 o to 90 o in steps of 10 o around´-axis and then rotate counterclockwise˛2 D 40 o around y-axis, the displacements at point A are solved at each step. The magnitude of displacement p u 2 C v 2 C w 2 at point A is monitored to study the rotational frame-dependent behavior. The results obtained by the new element US-ATFH8 are given in Table VII . The magnitude of displacements based on an 'overkill' solution is used as a reference solution, which is obtained by using 50,000 20-node hexahedral isoparametric elements of Abaqus [1] . It can be seen that the present model US-ATFH8 provides the invariance for the coordinate rotation. Figure 6 ). This example shown in Figure 6 was proposed by Cook [56] to test the convergence of elements. A skew cantilever is subjected to a shear uniformly distributed load at the free edge. The geometric, material, and displacement boundary conditions are given in Figure 6 . The results of vertical deflection at point C, the maximum principal stress at point A, and the minimum principal stress at point B are all listed in Table VIII . Those results obtained by the models that can pass the constant strain/stress patch test are also given for comparison. It can be seen that the present element US-ATFH8 exhibits good convergence. Table IX . Normalized deflections at point A for a thin curved beam subjected to an in-plane shear P 1 (Figure 7 ). (Figure 7) . A thin curved beam with fully fixed end is shown in Figure 7 . The inner radius R i , thickness h, and width t of the beam are 4.12, 0.2, and 0.1, respectively. The Young's modulus E D 1:0 10 7 , and the Poisson ratio D0.3. Two load cases are considered: in-plane shear P 1 and out-of-plane shear P 2 . The results of the deflection at point A are listed in Tables IX and X, respectively. Again, the new element US-ATFH8 performs well for this test. (Figure 8 ). This example was proposed by MacNeal and Harder [57] to test the effect of warping. As shown in Figure 8 , a cantilever beam is twisted 90 o from root to tip. This twisted beam is fixed at the root and subjected to unit in-plane and out-of-plane forces at the tip. The length, width, and thickness are 12, 1.1, and 0.32, respectively. The Young's modulus E D 2:9 10 7 , and the Poisson ratio D0. 22 . Different meshes used for this example are also given in Figure 8 , in which meshes (a), (b), (c), and (d) are distorted meshes newly designed by Table X . Normalized deflections at point A for a thin curved beam subjected to an out-of-plane shear P 2 (Figure 7 ). 
Bending problems for skew beam, curving beam and twisted beam

Cook's skew beam problem (
Twisted beam problem
Nearly incompressible problems (Figure 9)
A thick-walled cylinder is subjected to a uniformly distributed internal pressure p D1. This example proposed by MacNeal [57] is used to test volume locking problem when the Poisson's ratio is very close to 0.5. As shown in Figure 9 , due to symmetry, only a quarter of the cylinder with unit thickness is considered. The nodal displacements along thickness direction are all constrained. The exact solution of the radial displacement u r is same as that for the plane strain state and given by [57] :
where R 1 is the inner radius, and R 2 is the outer radius. In this example, let R 1 D 3, R 2 D 9. When the Poisson's ratio is D 0:49; 0:499; 0:4999, the corresponding radial displacement u r at r D R 1 are 5:0399 10 3 ; 5:0602 10 3 ; 5:0623 10 3 , respectively. The normalized results of the radial displacement u r at r D R 1 are given in Table XIII . It can be seen that the standard 8-node trilinear isoparametric element suffers from volumetric locking problem, while other improved models can give good results. Although the solutions obtained by element US-ATFH8 are not the best answers, it is clearly shown that the new element is free of the volumetric locking. 
CONCLUSIONS
After successful development of plane 4-node, 8-DOF quadrilateral element US-ATFQ4 [45] , which can break through the limitation defined by MacNeal [6, 7] , a new 3D 8-node hexahedral element US-ATFH8 is constructed by employing the unsymmetric element method, the analytical trial function method and the oblique coordinate method. This new 3D low-order element, which can be treated as an extension from the plane element US-ATFQ4, possesses following advantages superior to most existing 8-node hexahedral element models:
(i) Its formulations contain no adjustable factor, and can be used for both isotropic and anisotropic cases; (ii) It can strictly pass both the first-order (constant stress/strain) patch test and the second-order patch test for pure bending (free of trapezoidal locking), which cannot be achieved by most other existing finite element models; (iii) It is free of volume locking and provides the invariance for coordinate rotation; (iv) It is insensitive to various mesh distortions and can produce stable and better solutions for higher-order problems (the orders of the displacement fields are higher than first order and second order).
The appearance of aforementioned new low-order elements with high accuracy and distortion resistance may open a way for establishing new finite element system, which can relax the requirements for hexahedron mesh generation. This point may have great significance for further development of the finite element method. Although the element stiffness matrix is unsymmetric, it is not a serious issue in most of the problems in structural analyses: many solvers can handle this situation easily [1, 58] . Of course, before this new model can be really applied in practical engineering, many further technique problems must be solved. Whether the present method can be extended to the applications of shell and nonlinear problems is still a valuable and challenging research topic that should be paid attention to. Some related developments will be reported in near future.
APPENDIX A: NINE SETS OF ANALYTICAL GENERAL SOLUTIONS FOR GLOBAL LINEAR STRESSES, STRAINS, AND QUADRATIC DISPLACEMENTS IN TERMS OF R, S , AND T
Let
Then, from Equations (11) to (14) , the resulting solutions for global linear stresses, strains, and quadratic displacements can be written as follows.
A.1. Nine sets of analytical general solutions for global linear stresses and strains in terms of R, S , and T
(1) The 13th set of solutions for global stresses and strains.
Stresses:
Strains: for isotropic case, 8 <
for anisotropic case, 8 < :
(2) The 14th set of solutions for global stresses and strains Stresses:
Strains: for isotropic case,
<
: 
The 15th set of solutions for global stresses and strains Stresses:
for anisotropic case,
The 16th set of solutions for global stresses and strains Stresses:
for isotropic case,
: for anisotropic case,
The 17th set of solutions for global stresses and strains Stresses:
(A.11a) for anisotropic case,
The 18th set of solutions for global stresses and strains Stresses:
: :
The 19th set of solutions for global stresses and strains Stresses:
The 20th set of solutions for global stresses and strains Stresses:
The 21st set of solutions for global stresses and strains Stresses:
Strains: for isotropic case, 8 < :
A.2. Nine sets of analytical general solutions for quadratic displacements in terms of R, S and T
(1) The 13th~15th sets of solutions for displacements (i D13~15)
(2) The 16th~18th sets of solutions for displacements (i D16~18)
(3) The 19th~21st sets of solutions for displacements (i D19~21)
